We derive an expression relating the static dielectric permittivity profile for a system nonuniform in one dimension to correlations between the net system dipole moment and the local polarization density. The permittivity profile of a dipalmitoylphosphatidylcholine ͑DPPC͒ lipid bilayer in water is calculated from an all-atom 20-ns molecular dynamics simulation. The component of the permittivity parallel to the bilayer shows a nonmonotonic decrease from the value in bulk water to the value in the membrane interior; the interfacial region itself has a very large permittivity, greater than that of bulk water. In high-dielectric regions, obtaining a quantitative estimate of the component normal to the bilayer is not possible because of large numerical uncertainty. However, the calculated correlation function is consistent with a value for the interface at least as large as that of bulk water. In general, the transition to a low-dielectric environment is sharp and is located on the inner border of the region where there is significant probability of finding the polar head groups.
I. INTRODUCTION
Large-scale computer simulations have become a standard method for the study of complex biomolecular systems. 1 In particular, simulations have shed light on the structure and dynamics of phospholipid bilayers in aqueous solution at the atomic level of detail. The fluid-mosaic picture of biological membranes suggests that the lipidwater system may be considered as a kind of medium or solvent in which other membrane components such as proteins are embedded. 23 Several studies have pointed out the importance of electrostatics in bilayer interactions with proteins or small-molecule permeants. 24 -29 Thus the dielectric permittivity, which describes among other things the electrostatic environment that a solvent presents to a solute, is of fundamental physical interest.
In simulations of a complex system such as a protein in aqueous solution, 1 a membrane channel, [30] [31] [32] peptide, 18, 33 or small-molecule permeants 11,34 -39 embedded in a lipid bilayer, the behavior of neither the solvent nor the bilayer itself is of primary interest, while the explicit representation of water or lipid molecules greatly increases the computational expense of a simulation. Accordingly there has been much interest in implicit models for the aqueous solvent or bilayer. An especially popular approach is to treat part of the system outside a given region of interest as a dielectric continuum. The solute or region of interest is represented in atomic detail and placed inside a cavity within the continuum. The electrostatic potential is then determined by solving the Poisson-Boltzmann ͑PB͒ equation. [40] [41] [42] [43] [44] With an estimate of the energy needed to create the cavity in the dielectric ͑the ''hydrophobic term''͒, relative conformational energies or solvation energies may be obtained. Gradients may also be calculated to give forces for geometry optimizations or molecular dynamics. 45 Less computationally intensive approximations to the PB equation have been proposed, such as the Generalized Born 46, 47 or Langevin dipoles 48 methods. Continuum electrostatics is inherently a macroscopic theory, and applying it to microscopic systems is not theoretically well-grounded and is certainly not without problems in practice. For instance, comparisons of continuum electrostatics and explicit simulations for simple model systems such as a single water molecule embedded in a solution of identical molecules have shown that solvation properties depend sensitively on the size and shape of the cavity, and that nonlinear effects such as electrostriction and dielectric saturation can be important. 49 Nevertheless it is clear that continuum models can provide important qualitative-and in some cases quantitative-insights, and remain the method of choice for large systems for which explicit representation of all solvent or lipid molecules would be prohibitively expensive. The interest in implicit treatments of lipid bilayer membranes provides another motive for studying the dielectric permittivity, because this property is a fundamental input parameter for models based on continuum electrostatics.
To date, models of a lipid bilayer membrane within the framework of continuum electrostatics have consisted of a slab of low dielectric material intended to represent the hydrocarbon tails of the lipid molecules, surrounded by high dielectric material intended to represent the head groups and aqueous solution. Such models have been used successfully to study ion translocation through membranes and membrane channels dielectric and low-dielectric regions of the lipid bilayer system is questionable, given evidence from experiment and simulation that the chemically heterogeneous interfacial region spans a significant fraction of the bilayer thickness. 9, 58 Recognizing this, Grossfield, Sachs, and Woolf 59 have recently introduced an implicit model based on the Langevin dipoles method 48 that provides a smooth, gradual transition between high-dielectric and low-dielectric regions.
A solvated lipid bilayer considered at the nanometer length scale is an example of a system nonuniform in one dimension, that is, along the axis normal to the bilayer. In general, the dielectric permittivity for such a system will be a function of position along one axis. Furthermore, it will not be a scalar, as has been assumed in virtually all applications of continuum electrostatics to molecular systems, but will be a second-rank tensor. This anisotropy should be distinguished from that of the nonlocal or finite wavelength dielectric permittivity that describes the response to a nonuniform electric field. 60, 61 If the system itself is nonuniform, then even the local dielectric constant will be anisotropic.
Several authors have presented methods for calculating the local dielectric constant for a nonuniform system. King, Lee, and Warshel 62 and Simonson and co-workers [63] [64] [65] have presented methods for determining the dielectric constant of a spherically symmetric but nonuniform system, and applied them to proteins solvated in water. These methods are based on dividing the system into two or more concentric spherical shells. After an estimate of the dielectric constant in the outer shells is made, the dielectric constant in the inner shell can be calculated either from fluctuations of the total dipole moment for that region, or direct observation of the polarization response to a uniform field. A dielectric profile for a lipid bilayer in solution was presented earlier by Zhou and Schulten. 4 Their approach was to divide the membrane into slices and compute the permittivity for each slice with the usual expression for a uniform, isotropic system. The implicit assumption is that the slices do not interact, which seems hard to justify.
In this paper we present a rigorous method for calculating the static dielectric permittivity profile for a system nonlinear in one dimension under the periodic boundary conditions used in computer simulations. ͑''Rigorous'' should be qualified here to mean ''rigorous given that continuum electrostatics with local, linear response is valid.''͒ The theory is presented in Sec. II. The method is applied to a 20 ns simulation of a dipalmitoylphosphatidylcholine ͑DPPC͒ bilayer in water; details are presented in Sec. III, followed by Results and Conclusions.
II. THEORY
The statistical-mechanical theory for the dielectric permittivity was introduced by Kirkwood 66 and Frölich 67 and extended to the various kinds of boundary conditions used in computer simulations by Neumann and Steinhauser 68 -70 and de Leeuw, Perram, and Smith. 71 The basic idea is to compute the response to an external, static, uniform electric field with microscopic statistical mechanics and macroscopic continuum electrostatics. In the former case, the response can be shown to depend on fluctuations in the system dipole moment; this can be viewed as a simple application of linear response theory. 72 In the latter case, the response depends on the dielectric constant. The two expressions can be combined, providing a relation between fluctuations in the system dipole moment and the dielectric constant, and thus a way to extract the dielectric constant from a computer simulation. Here we generalize this treatment to a system that is nonuniform in one dimension. In this case, the local dielectric permittivity will depend on correlations between the total system dipole moment and the local polarization density.
A. Description by statistical mechanics
We consider a classical system described by a microscopic state ⌫. The instantaneous energy of the system is given by a Hamiltonian H(⌫), while the instantaneous polarization density of the system at some location r is given by a function P(r,⌫). The total system dipole moment M is the integral of the polarization density over the entire system, M͑⌫͒ϭ ͵ P͑r,⌫͒d 3 
r. ͑1͒
For instance, if we took the microscopic description of our system to consist of a collection of sites i on each of which is placed a point dipole, our state ⌫ would include the positions and dipole moments ͕r i , i ͖. The polarization density would be given by
where ␦͑r͒ is the Dirac delta function, and the total dipole moment by
The average polarization density for a system in thermal equilibrium at temperature T in the absence of an external field is given by
͗P͑r͒͘ will vanish only for an isotropic and uniform system. For a system that is nonuniform in one dimension, say along the z-axis, it will be a function of z. We now apply a weak, static, uniform electric field EЈ ͑not necessarily along the z-axis͒. We assume that the instantaneous response ͑if it exists for our microscopic model͒ is linear and given by the second-rank tensor a͑r͒, so that the polarization PЈ(r) is now given by the sum of the fixed part that depends only on the configuration, and an induced part that depends linearly on the field,
͑5͒
Here Greek indices refer to Cartesian coordinates and the Einstein summation convention is used. The instantaneous polarizability of the entire system is then Aϭ ͵ a͑r͒d 3 
r. ͑6͒
Only if the microscopic model for the system includes instantaneous response will a͑r͒ and A be nonzero, for instance, if a potential energy function incorporating explicit polarizability is used. [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] The change in energy due to the field then depends both on the zero-field dipole moment M and the induced dipole
͑7͒
As a specific example to illustrate the polarization response a͑r͒ let us suppose that for each site i of our the microscopic model for our system we place a point polarizability a i in addition to the fixed dipole moment i . The induced dipole moment on site i due to the field EЈ may be found self-consistently by solving the coupled linear equations,
while the change in energy will be
͑9͒
In Eq. ͑8͒, T͑r͒ is the dipole-dipole tensor,
where ␦ ␣␤ is the Kronecker delta,
Equation ͑8͒ may be written in the form
The solution is
where B Ϫ1 is the matrix inverse of B. The instantaneous induced polarization density will then be
͑16͒
Therefore in this case,
By a similar procedure we could compute local polarization response functions for other microscopic models incorporating explicit polarizability, for instance, fluctuating charge models. [80] [81] [82] [83] [84] In general the average polarization density for a system in an external field EЈ will be
If EЈ is small we can expand in a Taylor series and keep only the first-order term,
where Greek indices refer to Cartesian coordinates and we have employed the Einstein summation convention. The result is
and
we can write
͑24͒
For a system nonuniform only along the z-axis, h will be diagonal with two independent components that are functions only of z,
where P ʈ (z) and M ʈ are the components of the polarization density and total dipole moment lying in the xy-plane. ͑We note that ͗M z ͘ will be zero for a system where the xy-plane is a plane of symmetry, such as a model lipid bilayer.͒ Integrating Eq. ͑24͒ over all space, we obtain
where
͑31͒
Clearly H will be diagonal,
͑34͒
We reiterate that ͗M z ͘ will be zero for a system where the xy-plane is a plane of symmetry.
B. Description by continuum electrostatics
At this point we switch to a description of our system by macroscopic continuum electrostatics, assuming linear and local ͑but not necessarily isotropic or uniform͒ response. 85 The polarization density is related to the total electric field by the local susceptibility tensor ␣␤ (r),
Equivalently, we can define the dielectric displacement,
D͑r͒ϭE͑r͒ϩ4P͑r͒ ͑36͒
and the local dielectric permittivity
in which case we can write
The total electric field is given by an ''external'' field E 0 (r), that is, the field due to all sources except the polarization, plus the field E P (r) due to the polarization itself,
where as before T ␣␤ are the components of the dipoledipole tensor,
͑41͒
At present, we consider a periodic system, nonuniform only along the z-axis, for which the electric field is computed using an infinite lattice sum. 71, 86, 87 Such a lattice sum is only conditionally convergent. We consider the usual limit of a spherical collection of cells taken about the point at which we wish to compute the field, an arbitrary point in the primary cell. We take this point as the origin of the coordinate system. We let the radius of the collection be NL where N is an integer and L is the height of the primary cell along the z-axis. We will subsequently let N become large. Because the primary cell is uniform in any plane perpendicular to the z-axis, we can consider the spherical collection to be a stack of infinitesimally thin, uniformly polarized disks. A disk at height z will have a uniform polarization density P(z), a radius ͱN 2 L 2 Ϫz 2 ͑since the radius of the spherical collection is NL), and a thickness dz. The electric field at the origin due to such a disc, where we require that z 0, is
For zϭ0, there will be an additional contribution due to the singularity of T ␣␤ at the origin; we will calculate this later. We now integrate Eq. ͑44͒ over all disks. Since the integrand is no longer singular at zϭ0, we need not explicitly exclude zϭ0 from the region of integration,
For large N we obtain
where V and M are the volume and total dipole moment of the primary cell. To calculate the contribution due to the singularity, we assume for the moment that P(z) is a constant, i.e., that the polarization is completely uniform. In this case, Eq. ͑50͒ becomes
But we already know that the electric field inside a uniformly polarized sphere is constant,
Therefore,
and the contribution from the singularity must be
or alternately
which is just the field inside a thin slab of uniformly polarized material lying in the plane defined by zϭ0, as we might expect. Now, the contribution from the singularity depends only on the polarization density at zϭ0 and is independent of the rest of the sphere, so it must be the same even if the sphere is not uniformly polarized. Thus, the total electric field at the origin for the system is obtained by adding Eqs. ͑50͒ and ͑54͒,
͑56͒
The choice of origin was an arbitrary point within the primary cell, so we may rewrite this as
͑57͒
So far we have considered only vacuum boundary conditions. There will be an additional contribution due to the reaction field if the limit of our spherical collection of primary cells is taken under ''tinfoil'' or conducting boundary conditions, or more generally, under dielectric boundary conditions with some dielectric constant ⑀ RF . 71, 87, 88 ͑For vacuum, ⑀ RF ϭ1; for ''tinfoil,'' ⑀ RF ϭϱ.) The additional reaction-field contribution is
Adding this to Eq. ͑57͒, we obtain
. ͑60͒
Combining Eqs. ͑35͒, ͑39͒, and ͑59͒, we can write
͑61͒
At this point we consider the response to a uniform field EЈ ͑again, not necessarily along the z-axis͒. Because the field is uniform, the system is still invariant to translations parallel to the xy-plane. Therefore the polarization with the applied field must still be a function only of z; we denote it by P(z)ϩ⌬P(z). By rewriting Eq. ͑61͒ with E 0 (z)ϩEЈ substituted for E 0 (z), P(z)ϩ⌬P(z) for P(z), and Mϩ⌬M for M, and then subtracting from this equation the original Eq. ͑61͒, we obtain
͑62͒
Again, since the system is assumed nonuniform only along the z-axis, (z) will be diagonal,
͑63͒
We now combine the responses computed from statistical mechanics and continuum electrostatics to obtain a relation between the local susceptilibity and correlations between the local polarization density and the total system dipole moment. Substituting the statistical-mechanical expressions for ⌬P(z) and ⌬M, Eqs. ͑24͒ and ͑28͒, into Eq. ͑62͒, we can write
͑64͒
Since , H, and h are all diagonal, we can easily eliminate EЈ and solve for ʈ (z) and zz (z),
͑66͒
In particular, for vacuum boundary conditions,
and for conducting or ''tinfoil'' boundary conditions
.
͑70͒
The components of the local dielectric permittivity are related to those of the susceptibility by
Though formally correct, Eq. ͑70͒ is not amenable to estimating zz ͑and thus ⑀ zz ), because very small changes in h zz can lead to enormous changes in zz . However, it can be inverted and combined with Eq. ͑72͒ to yield h zz (z) as a function of ⑀ zz (z),
Before concluding this section we note that if we assume the system is completely uniform and isotropic, then Eq. ͑23͒ reduces to
Equations ͑65͒-͑72͒ will then yield familiar expressions for the scalar dielectric constant; for instance, for conducting boundary conditions,
͑76͒

III. SIMULATION DETAILS
The structure of DPPC is shown in Fig. 1 . We analyzed conformations from a 20-ns MD simulation, sampled at 10-ps intervals. The system comprised 72 DPPC molecules ͑distributed evenly between the two leaflets of the bilayer͒ and 2094 water molecules. The simulation was conducted under periodic boundary conditions in the constant temperature, normal pressure, and area (NP n AT) ensemble, as described in Ref. 7 . The temperature was 50°C. The unit cell was orthorhombic with a square base 47.5857 Å on a side, for an area per lipid molecule of 62.9 Å 2 ; the normal pressure was 1 atm. The CHARMM potential energy function for lipids was used 89 with a variant of the TIP3 water model. 90 ͑For reference, the partial charges used for DPPC are given in Table I , while the geometry, partial charges, and LennardJones parameters for the water model are given in Table II .͒ Long-range electrostatics were handled with the particlemesh Ewald method with conducting boundary conditions. 91 The CHARMM electrostatic model consists of partial point charges q i on atomic sites i, and does not incorporate explicit polarizability, so that a(r)ϭAϭ0. One could introduce an effective, empirical value for the instantaneous response, e.g., from measurements of the optical polarizability. We have not done so here, because the charges for a fixed-charge force field, which tend to be somewhat larger than those resulting from gas-phase electronic structure calculations, already include polarization effects implicitly.
To obtain a polarization density, we converted the set of point charges on atoms to a set of dipole moments at covalent bond midpoints, as follows. For each covalent bond connecting atoms j and k, a ''bond-charge increment'' b jk is assigned, consisting of equal and opposite charges (ϩb jk and Ϫb jk ) placed on the atoms j and k. ͑The choice of which atom is to be designated j rather than k and thus receive ϩb jk rather than Ϫb jk is arbitrary for each bond, as long as the same choice is maintained throughout.͒ We require that the sum of the bond-charge increments for the bonds containing any given atom be equal to the original point charge on that atom, FIG. 1. Dipalmitoylphosphatidylcholine ͑DPPC͒, which consists of a polar head group connected by ester linkages to two hydrophobic alkane chains. 
gives the point charges q i in terms of the bond-charge increments b jk . To obtain the bond-charge increments given a set of charges, the matrix C i, jk can be inverted by singular-value decomposition. We note that this procedure only works for a neutral molecule, since the sum of charges from a set of bond-charge increments is always zero. The set of bond-charge increments can be converted to a set of dipole moments, given the coordinates of each atom,
The location of each dipole moment may be taken to be the midpoint of the bond,
All results reported below were not sensitive to the precise way in which the dipole moments were assigned. As a test, we placed them on the atom centers instead; the results were essentially indistinguishable.
The polarization density as a function of z can now be computed by adding the dipole moments of all bonds whose midpoints have z-coordinates between z and zϩdz and dividing by A dz where A is the cross-sectional area of the simulation cell. Formally,
P͑z ͒ϭ 1
A ͚ jk jk ␦͑zϪz jk ͒.
͑81͒
As the simulation was conducted under constant normal pressure, the length of the unit cell z L fluctuates during the course of the simulation. However, the continuum model assumes constant volume. Therefore, we determined the average length ͗z L ͘ and scaled the z-coordinates of the polarization density for each configuration by the factor ͗z L ͘/z L . As the fluctuations in z L are small the scaling is minimal. As a check of consistency, we computed the average charge density ͗(r)͘ϭ͚ i q i ͗␦(rϪr i )͘ and integrated the relation
͑83͒
The average polarization density obtained in this manner was essentially identical to that obtained from averaging Eq. ͑81͒.
IV. RESULTS
The relative probability of finding atoms from various functional groups as a function of the distance to the bilayer midplane, P i (z)ϭ͗␦(zϪz i )͘, where the average is over all atoms of a particular type i, is shown in Fig. 2 . In agreement with previous studies 9, 58 it is clear that the width of the interfacial region ͑10-15 Å͒ is a significant fraction of the bilayer thickness.
The z-component of the average polarization density P z (z), calculated from Eq. ͑81͒ is shown in Fig. 3 . ͓As stated above, the polarization calculated from Eq. ͑83͒ is essentially identical.͔ Separate contributions to the polarization were computed by including dipole moments only from lipid molecules, or only from water molecules, in the sum in Eq. ͑81͒. The net polarization is the difference of the contributions from water and lipids, which point in opposite directions; the largest contribution from the DPPC molecules is outwards, in the region of the polar head group, as would be expected from the DPPC structure ͑see Fig. 1͒ . The water polarization mirrors and nearly cancels the DPPC polarization.
The electrostatic potential difference ⌽(z) was calculated by integrating Eq. ͑57͒. Since the system is symmetric about the bilayer midplane, the z-component of the total dipole moment vanishes, and
͑84͒
The potential difference is shown in Fig. 4 . Again, separate contributions from DPPC were calculated. The computed po- tential difference between the center of the bilayer and the surrounding water is almost 1 V. The sign of the potential difference is consistent with experiments that show a slower rate of permeation for positive ions compared with negative ions of about the same size. 28 However, the magnitude inferred from these studies ͑227 mV͒ is significantly smaller. The discrepancy could be due to the particulars of the simulation, such as the force field ͑although other simulations with different force fields have produced potential differences close to 1 V͒, the omission of electronic polarizability, or the assumptions made in the experimental studies, such as identical solvation energies for positive and negative ions. 10 As an initial check we computed the dielectric permittivity profile for a system of neat TIP3 water from simulations of 512 molecules at 50°C and 1.0 g/cm 3 . Long-range electrostatics were handled using Ewald summation with conducting boundary conditions, and the NVT ensemble was generated using Nosé -Hoover chain thermostats. [92] [93] [94] The combined duration of the water simulations was 2.5 ns. The component of the permittivity parallel to the bilayer plane, obtained from Eq. ͑69͒, is shown in Fig. 5 , along with the value of the dielectric constant calculated from Eq. ͑76͒ in the usual way, ⑀ TIP3 ϭ91Ϯ1.
As we obviously expect the permittivity profile to be uniform for this system, the results in Fig. 5 provide a measure of numerical uncertainty, which is substantial. This is expected as dielectric properties are generally acknowledged to be rather difficult to converge. 87 As stated above, although Eq. ͑70͒ provides a formal expression for the zz-component of the dielectric permittivity in terms of the correlation function h zz , it is not amenable to numerical calculation because very small changes of h zz can lead to enormous changes in zz . Therefore, in Fig. 6 we plot the correlation function h zz (z) itself, along with the values corresponding to various dielectric constants through Eq. ͑72͒ as a reference.
For the DPPC bilayer, the component of the dielectric permittivity parallel to the bilayer plane was calculated from Eq. ͑69͒ and is shown in Fig. 7 . As before, separate contributions from the water and DPPC molecules only are shown. We note that unlike the case of the polarization and potential difference, there are cross terms in the correlation function h ʈ (z), so that the total will not be the sum of the water and DPPC contributions. These cross terms are discussed in further detail below.
The most striking aspect of Fig. 7 is the very large value ͑substantially larger than that of bulk water͒ obtained in the interfacial region. Such a large value is at odds with previous estimates of the dielectric profile, which have assumed a monotonic decrease from the value in bulk water to the low value in the bilayer interior, 24 -26 as well as previous simulation results. 4 The large value is due to the DPPC molecules; the water contribution itself shows monotonic decrease. The high permittivity obtained at the interface is not surprising given the very large dipole moment on the DPPC head group due to the charged choline and phosphate groups. Figure 8 shows the calculated probability distribution of the total magnitude of the DPPC molecular dipole moment, the magnitude of its component parallel to the membrane, and its component normal to the membrane. The results are consistent with previous experimental and theoretical studies, 28, 95, 96 which have estimated a total dipole moment of 19-25 D, oriented mostly parallel to the bilayer ͑the normal component of the dipole moment being 3-9 D, and oriented outwards towards the water interface͒. The simulation gives an average total dipole moment of 24 D, with an average normal component of 2 D, oriented towards the water interface.
The remainder of the profile is rather as one might expect. Outside the interfacial region, the permittivity rapidly approaches the bulk value for TIP3 water at the simulation temperature. Closer than 10 Å from the center of the bilayer, the permittivity approaches a very low value, indistinguishable from vacuum given the accuracy of the data. As mentioned earlier, the static dielectric constant includes a contribution due to the instantaneous ͑or optical͒ polarizability.
Since the CHARMM electrostatic model does not include explicit polarizability, but the partial charges account for polarization effects implicitly, we have set this contribution to zero. Including it would yield a larger value for the interior. Figure 9 shows the correlation function h zz (z) for the DPPC bilayer along with values corresponding to various dielectric constants through Eq. ͑72͒. Separate contributions to the correlation function from water and DPPC are shown as well. As before the total is not equal to the sum of the water and DPPC contributions because of the presence of cross terms. For this component, these cross terms are negative and substantial relative to the total. This indicates that fluctuations in the water and DPPC polarization normal to the bilayer are negatively correlated and act to cancel each other out, as is the case for the average polarization normal to the bilayer ͑see Fig. 3͒ .
The cross terms
are plotted in layer are positively correlated, while fluctuations normal to the bilayer are negatively correlated. This may be qualitatively understood as follows. As discussed earlier, the dipole moments of the DPPC molecules are mostly oriented parallel to the bilayer plane. We consider the effect of the field of these dipole moments on the orientation of interfacial water molecules. The water molecules most strongly affected by a given DPPC molecule will be those located where the field is strongest; that is, close to the head group and along the displacement vector determined by the head group dipole moment, which again, will most often lie primarily in the bilayer plane. The most energetically favorable orientation of such a water molecule is that in which its dipole moment lies head-to-tail with the head group dipole moment, as shown in Fig. 11͑a͒ . This accounts for the positive correlation for the components parallel to the bilayer plane. We now consider a fluctuation about this most favorable orientation, such that the DPPC head group makes an angle 1 with the displacement vector between it and the water molecule, as shown in Fig. 11͑b͒ . The angular dependence of the interaction energy of two dipole moments is sin 1 sin 2 cos Ϫ2 cos 1 cos 2 , where 1 , 2 are the angles of the moments measured from the displacement vector between them and is the difference of the azimuthal angles of the moments about the displacement vector. 97 Thus if the DPPC head group lies at an angle 1 with the displacement vector, it is most favorable for the water molecule to lie at an angle such that ϭ and 2 ϭtan Ϫ1 ͓(1/2)tan 1 ͔, as shown in Fig. 11͑b͒ . We thus expect positive correlation between the water/DPPC components lying along the displacement vector, and negative correlation between the components perpendicular to the displacement vector. Since the displacement vector lies primarily in the bilayer plane, this implies positive correlation for the in-plane components and negative correlation for the normal components. We note that this argument only applies to water molecules with head-to-tail interactions with DPPC head groups, and requires the assumption that such interactions are the most important.
In high-dielectric regions, obtaining a quantitative estimate of the component of the permittivity normal to the bilayer is not possible because it is too sensitive to noise. However, it is certainly consistent with a value for the interface at least as large as that of bulk water. In general, the transition to a low-dielectric environment is sharp and is located on the inner border of the region where there is significant probability of finding the polar head groups.
Values of the components of the dielectric permittivity in different regions of the bilayer system can be estimated from the profiles by averaging the correlation functions. These estimates are shown in Table III . Our results, by themselves, are not accurate enough to necessarily indicate strong anisotropy in the local dielectric permittivity profile, again, because the permittivity depends too sensitively on h zz to extract a quantitative value in high-dielectric regions.
It is possible to view the bilayer system as a uniform ͑but still anisotropic͒ dielectric and compute components of the dielectric constant parallel and perpendicular to the the bilayer,
where H ʈ and H zz are defined in Eqs. ͑33͒ and ͑34͒. For ⑀ ʈ , this is equivalent to averaging the permittivity profile ⑀ ʈ (z) over the width of the bilayer. However, the ⑀ zz obtained by considering the bilayer to be a uniform dielectric is not the average of ⑀ zz (z). The ''dielectric constant'' obtained in this manner is of questionable value. Clearly, the bilayer is far from uniform, and so the assumption that it can be treated as a uniform dielectric is suspect. Nevertheless, we can perform the exercise. Results are shown in Table IV and show very strong anisotropy, in agreement with previous simulation results. 10 As before, separate contributions from water and DPPC are given; the total is not equal to the sum of the contributions because of cross correlations. Interestingly, the water as well as the DPPC contribution shows very strong anisotropy, indicating that the water in the interface is strongly perturbed by the bilayer. The behavior of the cross correlations is the same as that discussed earlier. For the component parallel to the bilayer plane (⑀ ʈ ), the total dielectric constant is greater than that calculated from the sum of the separate contributions, indicating that the components of the net dipole moments in the bilayer plane due to water and DPPC are positively correlated. For the component parallel to the bilayer normal (⑀ zz ), the dielectric constant is significantly less than either contribution, indicating that the net dipole moments in this direction are oppositely correlated. It is natural to ask if 20 ns is long enough for full relaxation of the DPPC polarization. We address this question by plotting the convergence of ⑀ ʈ and ⑀ zz with simulation time, in Fig. 12 . Convergence would appear to be satisfactory for the component parallel to the bilayer plane, but less than satisfactory for the normal component. As stated above, dielectric properties are known to be difficult to converge, and the results for the normal component are most likely too noisy to draw quantitative conclusions.
V. CONCLUSIONS
We have presented a relation between the static dielectric permittivity profile and correlations between the net system dipole moment and the local polarization density, for a system nonuniform along one axis. The methodology was applied to a 20-ns simulation of a DPPC lipid bilayer in water. The calculated electrostatic properties are in reasonable agreement with experiment, and with previous simulation results, where available. The permittivity profile shows a nonmonotonic decrease from bulk water to the membrane interior; the interface, where the strongly polar DPPC head groups are most likely to be found, is a region of very high permittivity, higher than bulk water. This result conflicts with previous estimates and simulation results; nevertheless, it is easily understood, given the very large dipole moment on the DPPC head groups. Ironically, the result that the interface is a high-dielectric region could be seen as providing support for the simplest continuum electrostatic models, which assume a sharp boundary between high-dielectric and lowdielectric regions. The width of the low-dielectric region has been estimated to be 25-30 Å. [50] [51] [52] [53] [54] [55] [56] [57] Our results would argue for a width near 25 Å or even smaller, given that the lowdielectric region should not span the entire width of the membrane, but only the region from which the strongly polar head groups are completely excluded. The results for the normal component of the permittivity are certainly too noisy to provide compelling evidence for abandoning an isotropic permittivity profile in implicit solvent models, and while the strong anisotropy obtained by treating the bilayer system as a uniform dielectric is suggestive, it is not clear that results stemming from an assumption of uniformity are physically meaningful.
Extending the present approach for calculating a continuous dielectric permittivity profile to the case of spherical symmetry would be useful for systems like a solvated protein or a water cluster, and would complement the approaches of Simonson [63] [64] [65] and Warshell. 62 Unfortunately, this does not seem to be straightforward. The derivation in Sec. II relied on the fact that the system remained invariant to translations normal to the z-axis under the application of a uniform electric field; that is, that the system remained nonuniform only along the z-axis. However, if a uniform field is applied to a system with spherical symmetry, then that system is no longer spherically symmetric; points at a given radius from the origin are distinguishable. Calculating the induced polarization response therefore seems difficult.
Recently, dielectric permittivity profiles have been measured for water at charged mica interfaces by atomic force microscopy. 98, 99 They indicate a strong perturbation by the interface, so that the permittivity is less than the bulk value for water even at distances of tens of nanometers. It would be interesting to compare these results with permittivities calculated from simulations using the present method.
